Abstract. We show how the signed evaluations of link polynomials can be used to calculate unknotting numbers. We use the Lickorish-Millett value of the Jones polynomial to show that any achiral knot with determinant divisible by 3 does not have unknotting number one, and Jones' value of the Brandt-Lickorish-Millett-Ho polynomial Q to calculate the unknotting numbers of 8 16 , 9 49 and 6 further new entries in Kawauchi's tables, confirming about 20 others. Another method, recovering most of these results, is developed by applying and extending the linking form criterion of Montesinos and Lickorish. This leads to several conjectured relations between the Jones value of Q and the linking form.
Introduction
The unknotting number u´Kµ of a knot K is defined as the minimal number of crossing changes in any diagram of K needed to make the unknot out of K. Unknotting numbers have been fascinating knot theorists for a while, because, although very intuitively and easily defined, they are often very hard to calculate. Presently, about 60 years after introduced in Wendt's paper [We] , still the picture for the prime 8 crossing knots is incomplete, see [Ki, table, p. 49] . One of the 8 crossing knots with unknown unknotting number is 8 10 . As for the other one, 8 16 , Lickorish tells (as quoted by Kirby) , that a while ago, Rickard showed it to have unknotting number 2 by analyzing the linking pairing of the -homology of the double branched cover. However, his calculation was really heavy and therefore he never published it. Thus, possibly justifiably, 8 16 is still considered on [Ki, figure p. 50] as to be with undecided unknotting number.
The history of tabulation of unknotting numbers was initiated in 1981 by Nakanishi [Na] , who tabulated (as far as known at that time) the unknotting numbers of the prime knots of at most 9 crossings. Most of his undecided cases have been briefly later completed by work of Lickorish [Li] and Kanenobu-Murakami [KM] . However, the remaining few knots seem to cause serious problems. One of them, 9 25 , was dealt with by Kobayashi [Ko] , which seems so far to be the last entry in Nakanishi's table. In 1991, Kawauchi published in his book [Kw] also a table of the unknotting numbers of 10 crossing prime knots, leaving undecided about 50 of them. Five of these entries -10 139 , 10 145 , 10 152 , 10 154 and 10 161 -have been recently found by several authors [A, Km, St4, Ta] , using the 4-genus estimate coming from the (local) Thom conjecture. Simultaneously Traczyk [Tr] found the unknotting number of 10 67 using a method 2 The Jones polynomial involving the signature and Jones polynomial. These 6 knots seem to be the only settled 10 crossing cases in the course of the last 9 years.
It has been known for some time that there are relations between the unknotting number and the link polynomials.
Jones [J] Lickorish and Millett [LM] . See also [Rn] . Both quantities give by [We] a(n unfortunately very modest) lower bound for the unknotting number.
In this paper, we develop two at first glance different approaches to the calculation of unknotting numbers -using these evaluations of the link polynomials and the linking form λ on H 1´DK µ. We give a simple proof of u´8 16 µ 2 using a certain property of its Q polynomial [BLM, Ho] . It is similar to another property of the Jones polynomial [J] , which recovers after [KM] Lickorish's pioneering result [Li] It is striking that the outcome of both methods -the Q polynomial and the linking form -give surprisingly similar, although not identical, results. This is clearly hardly a matter of accidental coincidence, and thus we are led to a series of conjectures we implicitly mention while discussing the various examples and explicitly compile for the benefit of the reader at the end of the paper, hoping to motivate further investigations on this subject.
The Jones polynomial
We first start by a property of the Jones polynomial V of an unknotting number one knot, which slightly generalizes Traczyk's criterion for the unknotting number one case. It is related to the signed unknotting number (see [Tr, CL] ).
Theorem 2.1 Let K be an unknotting number one knot which can be unknotted by switching a positive crossing to the negative, and setṼ
The sign of the crossing switched shows that from both splicings is the one that again corresponds to a knot. (We implicitly used the fact, known from standard Galois theory, that the evaluation of a polynomial P in some algebraic number v is equivalent to the residue of P modulo the minimal polynomial of v.)
While V K´1 µ 1 always causes the division on the right of (1) to go through, the result is not always the Jones polynomial of a knot. This happens in particular in the cases, where 2k · d 1. But the more thorough check using theorem 2.2 reveals the criterion to be more effective.
A computer program is easily written and it showed for the Rolfsen [Ro, appendix] knots and their obverses that the criterion applies in 105 (that is, about one fifth) of the cases. Clearly, many cases are irrelevant, because other methods, e.g., the signature σ, works. Nevertheless, in some cases, if the criterion applies for both mirror images, or considering one of them is irrelevant (e.g. because the Jones polynomial is self-conjugate or because of the signature), the criterion successfully -and easily -excludes unknotting number one. Thus, e.g., the following knots (most of them due to Nakanishi and Kanenobu-Murakami) are shown to have unknotting number two: 7 4 , 8 18 , 9 15 , 9 17 , 9 37 , 9 40 , 9 46 , 9 47 , 9 48 , 10 19 , 10 29 , 10 65 , 10 67 , 10 69 , 10 75 , 10 89 , 10 97 , 10 99 , 10 144 , 10 163 and 10 165 (the last two of them recorded in the renumbered Rolfsen notation [BZ] -the indeces of the last four 10 crossing knots shifted down by one to avoid Perko's duplication), and for some others as 9 35 we find u 2 or u 3. Even for unknotting number one knots, as 6 1 and 7 7 , the criterion can give non-trivial information for them to be unknottable by switching crossings of only one sign (dependingly on how they are obversed), despite having σ 0. (For 7 7 this was observed also by Traczyk.)
A more general and simple special case is the following.
A similar statement is Corollary 2.2 If a knot K is 3-equivalent to an unlink of an even number of components, then K chiral.
¾
In the spirit of honesty, a final remark is in order.
Remark 2.2
At the present state of knowledge about (properties of) the values of V , theorem 2.1 can be reduced by some elementary calculation to the condition exploited by Traczyk in the unknotting number one case. Nevertheless given in this more general form, the theorem should be understood at least as a motivation for seeking further properties of the values of the polynomial as a possible method for calculating unknotting numbers.
The Q polynomial
Now we go a step further from the previous proof and consider the Q polynomial [BLM, Ho] .
Theorem 3.1 Let K be an unknotting number one knot of determinant det´Kµ
Then there exist numbers k ¾ S 5´n µ and l ¾ S 5´n · 1µ such that
for some (independent) sign choices ¦ 1 2 ¾ · , with k%2 ¾ 0 1 denoting the parity of k and k denoting the greatest integer.
Proof. We get back into the proof of the first theorem. A similar calculation of shows that it differs from just by multiplication and addition of a unit, hence the determinants of and differ just by ¦1. Then (1) (or alternatively the relation of the Q polynomial evaluated at z 2 using the property of [BLM] that det´Kµ Ô Q´2µ) show that these determinants are n and n · 1 resp. (the even one corresponding to the 2 component link and the odd one to the knot). The claim then follows by considering the Q relation at z The property of theorem 3.1 is also easily programmed (the case n 0 in the theorem was only excluded for simplicity of the programming), and verifying the Rolfsen knots I found that the criterium works (i.e., excludes unknotting number one) for 30 of them, inter alia, the above mentioned 8 16 . It shows, e.g., that 10 116 , 10 121 , 10 122 and 10 155 have unknotting number two. The complete list, together with the polynomial, is recorded below. A further mistake in Rolfsen's tables is that therein 10 83 and 10 86 are swapped: the Conway notation and Alexander polynomial for each one refers to the diagram of the other. The convention for 10 86 here is that the Conway notations and Alexander polynomials are swapped to fix the discrepancy, and not the diagrams, as in [Kw] .
The criterion for Q can be slightly generalized, the proof going through by slight modification of the arguments in the previous section and via induction on the unknotting number, as in [Tr] .
Clearly, knots for which in the above proposition k 1 are rather special, so the only Rolfsen knots to which the criterion applied were 9 49 and 10 103 for k 2, showing u 3. But, again as in [Tr] , the method works for some simple composite knots (although not for the simplest one with unclear unknotting number, 5 1 #!3 1 ). So, e.g., u´4 1 #5 1 µ 3.
The Goeritz matrix and linking form
After the discussion of polynomials, let us turn to a formerly known topological approach using the linking form λ on H 1´DK µ. It is attributed to Montesinos and appears explicitly in Lickorish [Li] . (Note that D K inherits an orientation from S 3 , so that the linking form is given by ·U 1 , where U is a Goeritz [GL] matrix for K). Rickard's proof of u´8 16 µ 2 consists in application of this theorem. The disadvantage is that the calculation by hand of λ is in general not pleasant. Nevertheless, a nice approach for calculating λ was developed by Gordon and Litherland [GL] via the Goeritz matrix U, and it was carried out on the example 8 16 by Murakami and Yasuhara in [MY] (is slightly generalized form) to give λ´g ¼ g ¼ µ ¦11 35 for some generator g ¼ , recovering Rickard's result (as ¦11 is not twice a square modulo 35).
The fact that the entry 8 16 was open in Kawauchi's table suggested that Lickorish's criterion was not applied in full extent. Recently, Thistlethwaite wrote a program for calculating the Goeritz matrix, which was enhanced by myself to give torsion numbers and generators of H 1´DK µ for a knot K. From this λ is straightforward to calculate (it is given by U 1 on the generating set of H 1´DK µ, on which U gives the relation matrix), and, beside 8 16 and 10 67 (whose unknotting number thus could have appeared already 15 years ago), the criterion worked also for 10 105 . It recovers also several known cases like 10 69 and gives an alternative proof for example for 10 86 .
In fact it turns out that the criterion also works for all knots we excluded from having u 1 by the Q polynomial in the previous section because of Q Ô 5 1 2 ¡ ¾ · Ô 5 5 , although not for 10 155 , where the value is 5. There is no a priori explanation for this phenomenon, neither for the mystery of the exceptional knot.
Here we give an extension of the linking form criterion which may be useful when considering signed unknotting number. Proof. This follows by modifying the proof in Kawauchi's book [Kw, theorem 11.2.3, . The important point to notice is that the effect on the upper left entries of the Seifert matrices of the two knots differing by a crossing change is preserved or reversed on the linking from level dependingly on whether the sign of the determinants of both Seifert matrices is equal of different, which, if one of the Seifert matrices belongs to the unknot, is equivalent to the signature condition.
¾
However, after examination of the 14 crossing knots, it appears that neither the Lickorish-Millett value of V nor the signature give any new result this way. Worse yet, the Traczyk contradiction for the case u 1 of these two invariants seem to occur only for knots where λ already works for itself.
To make the calculations verifiable, we give a list of Goeritz matrices (with the DT notation of the diagrams they are obtained from), signatures, generators of H 1´DK µ (in the basis determined by the Goeritz matrix) and their orders for the 5 relevant knots mentioned above.
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A criterion for unknotting number 3
The (conjectured) coincidence of the criteria with Q and λ for unknotting number 1 (for determinant divisible by 5) suggests that further relations between both may exist also for higher unknotting numbers. And indeed, theorem 4.2, although it seems in practice equivalent to its unsigned version, can be in theory pushed further, at least in a special case, to prove a new criterion, this time for unknotting number 3.
Theorem 5.1 If d det´Kµ is a square (possibly 1) and has no divisors of the form 4k · 3, and σ´Kµ 4, then u´Kµ 2.
This theorem shows that the unknotting number of 9 49 and 5 1 #4 1 is 3. These examples have been settled above using the Q polynomial [BLM] . Strangely, for all prime knots of 16 crossings with σ 4, d 25 or d 625 and 2 torsion numbers in H 1´DK µ, we had Q Ô 5 1 2 ¡ 5, so that the Q method excludes u 2 as well. This gives further hints to an intimate relationship between the sign of the Jones value of Q [J] and the topology of the double cover of the knot complement.
Nevertheless, clearly our criterion will give new information for other primes 4k · 1. For example, the knot 12 664 of [HT] has H 1 13¨ 13 and σ 4, and hence u 3, which cannot be shown by any other method I know of. Another such, possibly more common, example is 6 3 #7 3 .
Proof of theorem 5.1. If u´Kµ 2, then there exists an unknotting sequence K K ¼ (latter denoting the unknot). It is known, originally from [Mu] , that for any knot K det´Kµ 1´4µ 3´4µ iff σ´Kµ 0´4µ 2´4µ
Clearly 
¾
It seems difficult to generalize this theorem is some way. Even if just considering square determinants, the condition σ 4 (rather than σ 0) and the lack of divisors 4k · 3 are both necessary (else consider the connected sums of twist knots). At least the argument proving the theorem can be modified to show that if det´Kµ is a square, σ´Kµ 4 and u´Kµ 2, then det´K ¼ µ for any K ¼ in an unknotting sequence K K ¼ will satisfy
is the p 3´4µ-primary part of det´K ¼ µ, i. e., the image of det´K ¼ µ under the (multiplicative) homomorphism 2AE 1 AE given by
for any odd prime p. For this conclusion, the condition σ´Kµ 4 may also be replaced by V K e πi 3 ¡ 3, because then the signed unknotting number argument of [Tr] applies. (In this case, we must have σ´K ¼ µ 0 or 2 depending on whether σ´Kµ 0 or 4.) It would be interesting to know when det´K ¼ µ is already itself a divisor of det´Kµ.
We conclude by the remark that one can obtain results on unknotting number two by considering knots obtained by a crossing change from such to which theorem 5.1 applies. However, for them theorem 4.2, and conjecturally also Lickorish's theorem will work as well. Such examples are 8 16 and 10 105 .
Conclusions
As a summary, beside 8 16 and 9 49 , there are several undecided 10 crossing knots in Kawauchi's tables [Kw] , whose unknotting number we found. As always with different tables, there seems a little discrepancy. Beside his different convention for 10 83 and 10 86 from ours, Kawauchi quotes 9 17 as to be with undecided unknotting number, while in [KM] (and also above in this paper) it was proved that u´9 17 µ 2, as correctly quoted by Kirby. Also we can complete the entry for 10 131 , whose unknotting number is 1, as show both its diagrams in KnotScape and in Rolfsen's book. On the other hand, Kirby cites Nakanishi's entry u´9 29 µ 1, which is unclear, and was cautiously replaced by Kawauchi in his table by the (definitely correct) u´9 29 µ ¾ 1 2 . Thus, the most likely correct list of prime knots of at most 9 crossings with unknown unknotting number is: 8 10 , 9 29 and 9 32 with u ¾ 1 2 and 9 10 , 9 13 , 9 35 , 9 38 with u ¾ 2 3 .
The following composite knots of at most 10 crossings seem (at least to me) to have unclear unknotting number (up to obversion and with the above used mirroring convention of Thistlethwaite for the prime factors): 3 1 #!3 1 #4 1 , 5 1 #!3 1 , 7 3 #!3 1 , 7 4 #!3 1 , 7 5 #!3 1 and 5 1 #!5 2 with u ¾ 2 3 and 5 1 #!5 1 , 7 1 #!3 1 with u ¾ 2 3 4 . For the remaining knots the Wendt inequality, the result of Scharlemann [Sc] (see also [Zh] ) and the signature [Mu] clarify the picture, except for 7 4 #3 1 and 3 1 #3 1 #4 1 , which can be shown to have unknotting number 3 by Traczyk's method. The unknotting numbers of the simplest composite knots are compiled in a table in the appendix.
As a final remark on the V criterion, we mention that there are still some possibilities left open. Most promising appears to be to consider the Homfly polynomial of the 2-component link arising by smoothing the unknotting crossing and to attack the existence of such a polynomial by the various Vassiliev invariant identities worked out by Kanenobu. We may record an interesting outcome of this (or some similar) idea at a later stage.
Also, one may try to find more special evaluations of the polynomials related to branched cover homology, but the results of [Rn] and [St3] for the Q polynomial (which should carry over also to V ) suggest, that such evaluations, beside the known ones, are very unlikely to exist.
Conjectures and questions
In this final section we summarize the unexplained phenomena that came up in our attempts to find unknotting number criteria studying the linking form and the polynomial values and most of which have been implicitly hinted to above (however, there are also some new ones). All they are supported by strong empirical evidence. Some of these statements indicate, that the conditions for the unknotting number given by Lickorish [Li] , Traczyk [Tr] and above in this paper seem to imply others, at least in special cases (these implications are informally abbreviated in the quotation).
The first problem came up in the study of the structure of H 1 of knots to which theorem 5.1 is applicable.
Conjecture 7.1 There are no knots with σ 4 and cyclic H 1 of order 1 or a prime square (i.e., H 1 is always a, possibly trivial, double in all such cases).
At least this is not true for non-prime squares, even for higher (even) prime powers -there are for example two 16 crossing knots with σ 4 and H 1 25¨ 5¨ 5 . For σ 2 this is true as if D 4k · 3 is prime, the multiplicative group £ D is cyclic and has no square roots of 1, so that each residue class mod D is either of the form 2a 2 or 2a 2 . For D 4k · 1 one half of the residue classes are of both forms, and the other half of none of them. Latter seem never to occur for λ if σ 0. As we saw, the simplest examples supporting this conjecture are 9 49 and 5 1 #4 1 .
We conclude by the following curious problem.
Question 7.1 The trefoil and figure eight knot diagrams have the property that they unknot by switching any arbitrary crossing. Are they the only (non-trivial 1 ) knot diagrams with this property? More generally, are for k 1 the´2 2k ¦ 1µ-torus knot diagrams (with one possible kink in the ' ' case) the only diagrams which unknot by switching any arbitrary collection of k crossings?
So far the only observation towards the case k 1 is that except for the trefoil diagram any other such diagram must have σ 0 and V´ 1µ 1 or 5 mod 12.
